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Introduction
Let 2 S k and 2 S n be permutations. We say contains , and denote this by < , if there exist 1 x 1 < x 2 < : : : < x k n such that (x i ) < (x j ) if and only if (i) < (j). If does not contain we say avoids . Thus, (representing by (1); (2); : : :; (k)) 1523647 contains 132 but avoids 321. Let F(n; ) = jf 2 S n j avoids gj: For any 2 S 3 it is known (see, e.g., 9]) that F(n; ) = for all 2 S 4 ( 1] .) When is the identity of S k , F(n; ) is the number of n-permutations with no increasing subsequence of length k. Such permutations can be partitioned into k ? 1 monotone subsequences, and hence one can show that the number of them is less than (k ? 1) 2n : The exact asymptotics for this case is also known ( 7] Conjecture 1.1 For every there exists a constant c = c( ) such that F(n; ) c n for every n. They also suggested a stronger conjecture, namely, that for every xed the limit, as n tends to in nity, of (F (n; )) 1=n exists and is nite and positive. Conjecture 1.1 is known to be true in many special cases, see 3] and its references. In this note we prove a slightly weaker result, as follows, and prove the conjecture for a certain class of permutations. First let us de ne some slowly growing functions. Let (n) be the inverse of the Ackermann function, de ned as follows. For any function f, put f 1 (n) = f(n), f i (n) = f(f i?1 (n)). The family of functions A integer t such that t (n) 2 (2) . Note that (n) is an extremely slow growing function, and (as k is xed) it is much smaller than (n) for all su ciently large n. Our main result is the following. Theorem 1.2 There exists a constant c = c(k) such that for every 2 S k F(n; ) c n (n) for every n. The proof of this theorem appears in the next section. In Section 3 we prove that conjecture 1.1 holds for every permutation which consists of an increasing subsequence followed by a decreasing one, or vice versa.
The Proof
Before presenting the proof here are some de nitions we need. To avoid excessive notation, let 2 S k be a xed permutation throughout the rest of this note. For a vector t 2 f1; : : : ; mg n we wish to distinguish between containing a given permutation (or pattern) and containing a given subword. We say that t contains the pattern and denote this by < t exactly as we did for a permutation in S n : < t if there exist indices 1 x 1 < x 2 < : : : < x k n such that t x i < t x j if and only if (i) < (j). Note here that all inequalities are strict.
For y 2 f1; : : : ; kg r with r n we say t contains the subword y if there exist indices 1 x 1 < x 2 < : : : < x k n such that t x i = t x j if and only if y i = y j . Thus, for example, 143643 does not contain the pattern 1234 but does contain the subword 1234 and also the subword 1212.
Recalling that is xed we let F(n) = F(n; ).
Let A(n; m) = jft 2 f1; : : : ; mg n j t avoids gj: We say a word t 2 f1; : : : ; mg n is k-regular if t i = t j ; i 6 = j implies ji ? jj k. For a given word y 2 f1; : : : ; kg r let (y; m) = maxfnj 9t 2 f1; : : : ; mg n ; t is k-regular and avoids yg:
The question of determining`(y; m) when y is of the form ababa and some of its variations is that of nding the maximum possible length of Davenport-Schinzel sequences, and has received a lot of attention (see 8] and its many references). Here we use the following theorem about generalized Davenport-Schinzel sequences due to Klazar: Proof of Lemma 2.2: Any permutation in S n that avoids can be achieved uniquely in the following way: take a word t 2 f1; : : : ; mg n that (disregarding questions of divisibility) has exactly n=m copies of each letter and avoids . There are at most A(n; m) of these. Now substitute a permutation of the numbers 1; : : : ; n=m which avoids for all the 1's, a permutation of n=m+1; : : : ; 2n=m which avoids for the 2's etc. There are at most F(n=m) m ways to choose these permutations. This, and the simple fact that F(n) is monotone in n, yields the desired estimate in the case where m does not necessarily divide n. Since m (m) n, another application of (1) The number of choices for the ordered set of labels is k n . Moreover, the sequence t 1 , and the ordered sequence of labels , determine t uniquely. This proves the inequality (1). The proof of (2) 
3 Cases in which there is an exponential upper bound
As we mentioned in the introduction it was known that conjecture 1.1 holds for permutations that are either an increasing sequence (the identity) or a decreasing sequence. B ona also proved the conjecture in the case of \layered" permutations, where the permutation is a series of monotone increasing (decreasing) subsequences, and the members of each subsequence are smaller (larger, respectively) than those of the previous subsequence. Using the same technique as in the previous section and another work of Klazar and Valtr from the theory of Davenport Schinzel sequences we can prove the conjecture for another class of permutations. Let A uu (k) = f 2 S k j is the concatenation of two increasing subsequencesg A ud (k) = f 2 S k j consists of an increasing subsequence followed by a decreasing oneg and de ne A du , A dd , A dud and A udu similarly. For a pair of permutations 1 ; 2 let F(n; 1 ; 2 ) = jf 2 S n j avoids both 1 and 2 gj: Theorem 3.1 There exists a constant c = c(k) such that for every n and every permutation 2 (A ud (k) A du (k)); F(n; ) c n . Furthermore, for every pair of permutations 1 2 A udu (k) and 2 It is worth noting that the assumption that t is (k ? 1) 2 + 1-regular can be replaced by the weaker one that it is k-regular, but since for our purpose here the above version su ces we omit the (simple) argument showing that the two versions are equivalent. The last lemma follows from the following two results. The rst is due to Klazar and Valtr: It follows from the above discussion that conjecture 1.1 would follow if one could prove a linear bound for`k( ; n) for any 2 S k (although the opposite implication is not clear.)
This seems like an interesting question in its own right:
Question 3.5 Is it true that for every permutation 2 S k there exists c( ) such that k ( ; n) cn for all n?
